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Abstract 

It is shown that Wess-Zumino-Witten (WZW) type actions can be constructed in odd 
\ dimensional space-times using Wilson line or Wilson loop. WZW action constructed us- 

' ing Wilson line gives anomalous gauge variations and the WZW action constructed using 

■ Wilson loop gives anomalous chiral transformation. We show that pure gauge theory 
^jQ, including Yang-Mills action, Chern-Simons action and the WZW action can be defined in 
^ ' odd dimensional space-times with even dimensional boundaries. Examples in 3D and 5D 

■ are given. We emphasize that this offers a way to generalize gauge theory in odd dimen- 
Q , sions. The WZW action constructed using Wilson line can not be considered as action 

\ localized on boundary space-times since it can give anomalous gauge transformations on 

separated boundaries. We try to show that such WZW action can be obtained in the 
^ . effective theory when making localized chiral fermions decouple. 

^ ■ PACS: 11.15.-q; ll.lO.Kk; 12.39.Fe 

o : 

in ; 

§ ■ 1 Introduction 

o : 

^ \ Wess-Zumino-Witten action [1] as originally constructed for low energy mesons is known to 
' produce the prediction of chiral anomaly at the level of Nambu-Goldstone boson. It is con- 
structed in the non-linear sigma model using the field S = e^*'^/^'" where tt = I]a^"^" is the 
^ . meson field. Under a left-right transformation S' = f/^Sf/^^ the action is not invariant and 
>■ ! gives anomalous transformation. WZW action achieved beautiful success in its electromagnetic 

\ version which fixes the strength of processes like 7r° — > 27 and K^K~ Stt. 
^ \ WZW action is of broader interests in quantum field theories. The availability of such 

action offers an alternative way to construct anomaly-free gauge theories. The canonical way 
to make the chiral gauge theory anomaly-free is to arrange the fermion content in such a way 
that anomaly contributions of individual fermions cancel in the sum. This is exactly what 
happened in the Standard Model. The alternative way using the WZW action states that one 
can take fermion content which has non-vanishing gauge anomaly. The gauge anomalies in the 
fermionic sector and WZW part can be arranged to cancel. 

The canonical way and the alternative to build anomaly-free theory can be connected by 
studying the decoupling limit of heavy fermions in a gauge theory with anomaly-free fermionic 
content. Heavy fermions in the theory which decouple can be arranged to give non-zero gauge 
anomalies. The consistency of the gauge theory in the effective theory is guaranteed with the 
appearance of the WZW action. For example some fermions, say \l/'s, get massive from the 
following term. 

+ h.c.) 
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As long as A is large enough one can integrate out the heavy degrees of freedom ^'s. The 
effective action will be the action of the field $, the gauge field and the light fermions ip^s. 
The effective action of $ and the gauge field has to reproduce the gauge anomaly of ^^'s and 
cancels the gauge anomaly contributed by light fermions ■0's. So the effective theory is still 
anomaly-free. 

Gauge anomalies and chiral anomalies studied in literature can be classified into anomalies 
of LA form and VA form. Consider a theory with Lagrangian 

= i)LiY{d^ - iALi,)ipL + i'RiYid,, - iAR^)ipR, 

where 

Vn = HaT^VIi is the vector field and A^ = EaT'"^^ is the axial- vector field. The coupling 
constants are absorbed into and A^. is the generator of the gauge group G. and ^4^ 
which can be gauge fields or auxiliary fields are taken as external fields in computing one-loop 
anomalies. The LR form of the anomaly is 

D'Jl, = GI{Al) = ^^e^^P''Tr[T'^d,{AL.d,AL. - '-Al.Al.Al.)], (1) 

D'Jr, = G^Ar) = -^,e^^'''Tr[T'^dMRud,AR^ - Ur^Ar^Ar^)], (2) 
where ei^'^P'^ is the anti-symmetric tensor with g^^^s _ ^ 

Jl^ = ^PLT''^^i^L, rR, = ^RT''i^i^R. (3) 

(1) and (2) are called LR form because in computing it the loop momentum is labeled in such 
a way that the anomaly takes the left-right symmetric form. Gauge anomaly of this form is 
also called consistent gauge anomaly. It is known that there is no unique way to label the loop 
momentum and anomaly can be shifted between vector current and axial- vector current [2]. 
The loop momentum can also be labeled in such a way that the vector current is covariantly 
conserved and then anomaly is completely shifted to the axial- vector current, that is the VA 
form of the anomaly [3] 

D^jf ^G\{y,A) 



+j{Ai,A,Vp^ + Ai^V^pA^ + Vi,,ApA„) - ^A^A.ApA^]}, (4) 



2 



where 



(5) 



(6) 




9, 



(7) 



In a theory with both left and right gauged symmetries it is natural to take the LR form of the 
anomaly. On the other hand, if only the vector part of the symmetry is gauged it is more natural 
to shift the anomaly to be in the axial-vector current and take the vector current conserved. 
This form of anomaly when applied to QED coincides with the original chiral anomaly obtained 
in [4]. The WZW action which produces anomalies at the level of Nambu-Goldstone boson 
can also be built to produce anomahes of LR form or VA form [2] . 

In 5D models it is interesting to notice that a Wilson line along the extra space-like dimension 



transforms as bifundamntal, i.e. W = U{y = 0)WU^^{y = tiR). A4 is the gauge field of the 
fouth space-like dimension. Since U{y = 0) and U{y = tiR) are gauge transformations at differ- 
ent points in the extra dimension, they can be considered as independent gauge transformations 
from 4D point of view. Then W is similar to the E = e^*'^/^" field in the sigma model. As will 
be seen in the following we can build WZW type action using the Wilson line or the Wilson 
loop. The WZW action constructed using Wilson line give gauge anomalies (of LR form). The 
WZW action constructed using Wilson loop is gauge invariant and gives anomalous variation 
under chiral transformation (of VA form). It will be shown that it is possible to construct pure 
gauge theories with the WZW action which gives anomalous gauge transformation. The theory 
is defined on odd dimensional space-times (3D and 5D) and it consists of the pure Yang-Mills, 
Chern-Simons and the WZW action constructed using the Wilson line. The theory is made 
gauge invariant by requiring the anomalous gauge variations of the Chern-Simons action and 
the WZW action have the same magnitude and the opposite sign and hence cancel on the 
boundary space-times. 

We try to show that such kind pure gauge theory can arise as an effective theory of a 
gauge invariant theory with localized fermions. Chiral fermions l,r charged under gauge 
group are localized on different boundary brancs. Hence the gauge anomalies are localized on 
the branes. The theory is made gauge invariant by including the Chern-Simons term in the 
bulk and requiring that its anomalous gauge variations cancel those localized on the boundary 
space-times. Chiral fermions localized on boundary space-times can couple to the Wilson line 
W which links the two boundaries with interaction 



One can integrate out the fermion l,r by sending m — > 00. As is required by the consistency 
of the theory, the effective theory after integrating out fermion should also be anomaly-free. 
This is obtained by the appearance of the WZW action built of W in the effective theory. 

We motivate that we can generalize the gauge theory in odd dimensional space-time using 
the WZW action constructed using Wilson line. The Wilson line used in the theory links 



m(*Ll^*R + h.c.) 
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the boundary branes. The WZW action constructed like this gives non-local interaction in 
odd dimensional space-time and can not be considered as action localized on even dimensional 
boundaries. The present work is inspired by a series of recent works [11, 12] by C. Hill 
who constructed 5D models with localized chiral fermions, hence localized gauge anomalies, 
on separate branes. In section 2 we illustrate the point of our paper with a 3D example. 
We construct the WZW action in 3D space-time with boundaries using Wilson line and show 
that it gives anomalous gauge transformations on boundaries which are gauge anomalies of the 
consistent form (LR form). We construct a pure gauge theory in 3D which includes Yang- Mills 
action, Chern- Simons and WZW action. In section 3 we give example in 5D which is a bit more 
complicated. We study how such WZW action arises from integrating out heavy chiral fermions 
localized on different branes. In section 4 we construct WZW action using Wilson loop. The 
action constructed is gauge invariant but gives anomalous chiral transformation (of VA form) . 
We also try to obtain this action from decoupling heavy fermions locahzed on boundaries. We 
comment and summarize in section 5. 

2 WZW action in 3D gauge theory 

We begin with the simple example in 3 dimension. Consider 3D flat spacetime E3 = M2 x [0, vri?] 
with coordinates x^^ = {x'^,x'^ = u) (a^ = 0, 1). M.2 is two dimensional Minkowski space-time. 
There are two 2D boundary branes L and R at |/ = and y = nR separately. Gauge field Am 
of gauge group G propagates in the 3D space-time. Gauge group on boundaries Gl and Gr are 
determined by the boundary conditions and can be smaller than G. For simplicity we assume 
Gl = Gr = G. We introduce gauge fields on the boundaries which are obtained from reducing 
Am to the boundaries: 



= J2aT°'^M^ similarly for Al^r^. Am and Al^r^ are defined as having dimension [M]. We 
then introduce Ul and Ur, 



Al„ = A^ix^", y = 0), Ar^^ ^^(x^, y^nR). 



(8) 



Ul{x'') = [/(x^ y = 0), Ur{x'') = Uix^", y^nR). 



(9) 



So the gauge transformation 



A'j^ix^^, y) = U{x^, y)AM{x^, y)U-\x^, y) + iU{x^, y)dMU-\x\ y), 



(10) 



when reduced to L and R boundary branes are written as 



A 



Ul{x>')Al^,Ue\x'') + iUL{x^)d^Ul\x^), 



(11) 




Ur{x^)Ar^U],\x^) + iUR{x^')d^U],\x^). 



(12) 



A Wilson line linking two boundaries is defined as 



(13) 
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where V is the path-ordering operator and A2 is the gauge field along the compact space-like 
dimension. Under the gauge transformation (10), the Wilson line transforms as 

Wix*") ^U{x'',^)W{x^')U-\x^',t:R) 

^Ul{x'')W{x^')U^\x^'). (14) 

We also introduce Wy{x'^,y) 

Wy{x^, y) = Ve'^y^' ^^(^"'2/'). (15) 

Wy{x^,y) satisfies 

^^^(x^y^O)^!, Wy{x'',y^T:R)^W{x''). (16) 

For gauge transformed W one can also introduce Wy. Condition (16) is also satisfied for gauge 
transformed Wy. We have 

W!y{x^^,y) = U{x^,Q)Wy{x>^,y)U-\x^^,y). (17) 

We note that Wy{x^, y = 0) = 1 and the configuration of Wy can be taken as a mapping of E3 
to the space of gauge group G. S3 is S3 with the boundary at y = shrinking to a point. So 
S3 has a single boundary aX y = nR: dT,^ = M.2- 
An anomalous action can be constructed as 

^wzw = l^fx e^'^ Tr[{dRWy)W;\dsWy)W;\dTWy)W-'] 

+1. f e^'' Tt\Aj^^Wl. + An^Wnu - iAn^W'^AL^W], (18) 

47r JM2 

where R, S, T run over 0, 1, 2, £°^^ = = 1 and 

WL;,^{d^W)W~\ WR^^W-\di,W). (19) 

(18) is formally of the 2D WZW action. However its interpretation and physical content 
is quite different. Wy is not an auxiliary extension of W to the third auxiliary dimension and 
the 3D integration is not in an auxiliary space-time either. Furthermore this action defined 
using Wilson line gives non-local interaction for Al and Aji at different branes and can not be 
interpreted as action localized on boundaries. One can see that last term in (18) mixes gauge 
fields on two boundaries A^ and Ar via the link field W. One can also make the point clear by 
studying the gauge transformation properties of action (18). Using (10), (17), (11) and (12), 
action (18) transforms under an infinitesimal transformation as 

SVwzw I e^"" Tr[eL d^A^ + / e^"" Tr[eR d^AR,], (20) 

where cl^r is given hy U — e*^ which approaches unity at infinity and 

C/L,i? = e^'^.«, eL(x'^) = e(x^y = 0), eR{x^) = e{x^ ,y = 7:R), (21) 
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Figure 1: Pure gauge theory in odd dimensional (3D or 5D) space-time. Gauge fields on L and R 
branes are induced by gauge field in bulk: = y = 0) and Ajin{x^) = ^^(x'*, y = ttR). 



(20) is of the form of the consistent gauge anomaly (of LR form) in two dimension [5]. We note 
that Ai^ and Ar are gauge fields on two boundaries. Under gauge transformation the action 
gives anomalous variations on two boundaries. This can not be achieved by a single WZW 
action localized on boundary. 

A pure gauge theory can be defined in S3 using (18) together with Chern-Simons action, as 
shown in Fig. 1. The action of the theory is 

r = FyM + Tcs + ^wzw- 

(22) 

Tym is the Yang-Mills kinetic action which is itself gauge invariant and will not elaborated in 
the following. The Chern-Simons action is 

res I d'x Tr[AndsAT - '^AnAsAr]. (23) 

Under infinitesimal gauge transformation given in (21), (10), (11) and (12), action Tcs trans- 
forms as 

47r Jus 

= --3- / d'^x e^^Tr[eR S^Ar,] + / d^x e^^Tr[eL d^A^ (24) 

47r Jm2 47r JM2 

where the integration over total divergence in S3 is reduced to the integration on boundaries 
in M.2- It is clear that (24) and (20) cancel in (22), i.e. gauge invariance is achieved in 
(22): Sr — 0. (22) defines a generalized gauge theory in 3D space-time with boundaries. In 
this theory gauge anomalies in Chern-Simons part and the WZW part are canceled on the 
boundary space-times. 
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3 WZW action in 5D gauge theory 



In this section we present a 5D example which is a bit more complicated. Consider a 5D fiat 

space-time S5 = A4,i x [0. tt/?] with coordinate = (x^,x^ — y) {fi ~ 0,1,2,3). is 
4 dimensional Minkowski space-time. Gauge fields of gauge group G propagate in the bulk. 
There are two boundary brancs in S5, namely branc L at ?/ = and branc K at y = 71 R. The 
gauge groups Gl and Gr on the boundary brancs L and R are determined by the boundary 
conditions and can be smaller than the gauge group G in the bulk. For simplicity we assume 
Gl — Gr = G. We introduce gauge fields on the boundary branes L and R as Al/^ and 
Ajifj^, defined using Eq. (8) with fi = 0,1,2,3. Eq. (9), (10), (11) and (12) give the gauge 
transformations of Am and AL^Rf^ with M = 0, 1, 2, 3, 4 and /j, = 0,1, 2, 3. 
We also introduce Wilson line W{x^) and Wy{x^,y) 

Wix^") = Ve'Io'^'^y Mx'^,y)^ Wyix^', y) = Ve'Io'^^' M^^,y')^ (25) 
where V is the path-ordering operator. Under gauge transformation (10) they transform as 

W'ix^") =Ul{x^')W{x^')Ur\x>'), (26) 

ly^(x^y) ^U{x^,0)Wy{x^,y)U-\x^,y). (27) 
Wy satisfies the condition 

Wyix^", y = 0) = l, Wyix", y = 7rR) = W{x^). (28) 

Since Wy{x'^,y = 0) = 1 the configuration of Wy{x'^,y) can be considered as a mapping of S5 
to space of the gauge group G where E5 is E5 with the boundary at y = shrinking to a point. 
So E5 has a single boundary: M.4 — dT,^. 

3.1 A pure gauge theory with WZW action 

WZW action is defined as 

2407r2yE5 ^ dx^ ^ dx^ ^ dx^ y dxs y dx'^ y ^ 

+ WLML.9pALa + {d.ALp)ALa - IAl^AlpAlo ' Wl^WlpAlo) + {L ^ R) ] 

+7^ / Tr[iAL^WAR,W-'WLpWLa - tAR^W-'AL.WWRpWR, 

HAn^d^Anp + {d^AR,)ARp - iAR^AR,ARp)W-'AL,W - {L ^ R, W'^ ^ W) 

+AR^W-^AL,WARpWR, + AL^WAR,W-'ALpWLa - \Ar^W-^Al,.W ArpW^Al^W 
+i{,d^AR,){dpW-^)ALaW -{L^R, W'' ^W).] (29) 



WZW 
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where M, N, R, S, T run over 0, 1, 2, 3, 4, £0^234 ^ ^0123 ^ ;l (^01234 = -£0123 = 1) and 

M,N,R,S,T run over 0, 1,2,3,4. (29) is of the form of the 4D WZW action [6, 7, 8, 9, 10]. 
The interpretation and the physics content are however quite different. (29) defines non-local 
interactions of gauge fields on two boundaries, Al and Aji, via the link field W and can not 
be understood as action locahzed on the boundaries. Further discussions on this action closely 
follow the discussions on (18). 

Under infinitesimal transformation U{x^,y) which approaches unity at infinity, 

UL^U{y^O)^e''\ Ur ^ U{y ^ nR) ^ e''^, (31) 
eL{x>^) = e(a;^ y = 0), eR{x>^) = e(a;^ y = ttR), (32) 

we obtain 

If 1 /■ 

ST WZW = -TTT^ / d'^^ cl) + ttt^ / d'^x (^li^R, cr), (33) 

z47r J Ma Z4:7r J Ma 

where is 

ul{B^{x^),e{x^)) = Tr[e^^P'^e{x^)d,{B,dpB, - '-B,B,B,)]. (34) 

(33) takes the form of the 4D gauge anomaly (LR form) [6, 7, 8, 9]. Its interpretation is that 
under the gauge transformation (10) and (27) in the bulk the action (29) gives anomalous gauge 
transformations on two separated boundaries. This can not be achieved by a single WZW ac- 
tion localized on boundaries. 

A pure gauge theory can be defined on E5 using (29) and the Chern-Simons action, as 
illustrated in Fig. 1. The action of the theory is 

r — Vym + ^cs + ^wzw- (35) 

The pure Yang- Mills action Tym is itself gauge invariant. The Chern-Simons action to be 
included is given as 

^cs{Am) J^d'x uj5{Am, Fmn), (36) 

where 

uj5{Am, Fmn) = e^^'^'^^Tri^AMF^RFsT + '-AmA^ArFst - ^AmA^ArAsAt]. (37) 

It can be checked that under infinitesimal transformation (31) and (32), action (36) gives a 
total derivative in the integrand and the integration E5 is then reduced to the boundary [15]: 

STcs =^ l^^d'xe^''''^''dMTr[{dNe){ARdsAT + {dRAs)AT-iARAsAT)] 

= -2^ La ^'"^ + i Ima ^^^^ 
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where e^^*^/"^ = ^mj'po" integration by part on Ai^ has been used. 

Using (33) and (38) one can see ST = 0. The gauge invariance of the theory is achieved by 
making the anomalous gauge variations of Chern-Simons part and the WZW part cancel on 
the boundary space-times. 

3.2 WZW action from decoupling fermion 

In this subsection we study a gauge theory with chiral fermions localized on boundaries and 
Chern-Simons action in the 5D bulk. We try to obtain the WZW action described in the 
last subsection in the effective theory when making the localized chiral fermions heavy and 
decouple. We work again in E5. We introduce ipL on brane L and ipR on brane R. They are 
charged under the gauge group Gl and Gr, namely coupled to Al and Ar separately. The 
gauge invariance of the theory is achieved by making the anomalous gauge variations of bulk 
part, i.e. of Chern-Simons part at the classical level, cancel the anomalous gauge variations 
given by the boundary fermions which are at the quantum level. 

This cancellation is possible by noting that the chiral gauge theories on the 4D boundaries 
are known to be anomalous, i. e. the currents are not covariantly conserved on two boundaries. 
The non-conservation is understood at the functional level as arising from non-invariance of 
the fermionic measure under the left-right transformation [13, 14]. Under infinitesimal trans- 
formation (31) and (32) 

i^'L = ULi^L, ^P'r = Ur^Pr, (39) 

where Ul,r is defined in (9), the functional measure changes 

Dil}'j^D^'^ = DiljLDiPLe-'I'^*'' ^IGUAl)^ DiP'^DiP'^ = DiPrD^jrc-'I '^^'^ ^hGh(^r)^ (40) 

where eL,R = Ea^"eL,i?- Gl{Al) and Gr{Ar) are given in (1) and (2). 
We consider the action 

r^FYM + rcS + ^eff, (41) 

Tym is the pure Yang-Mills action which is gauge invariant itself and will not be elaborated 
in the following. Fes is the Chern-Simons action given in (36). It is not gauge invariant and 
gives the anomalous gauge variations on the boundary brancs given in (38). Wc then check 
Fe// and show how the gauge invariance is achieved in (41). Fg// = Teff{AL,AR,W) is the 
action quantum corrected by boundary fermions ipL,R and is given at the functional level as 

^T,ff{A^,An,w) ^ J DiPlD^lDiPrD^^r e'r^CV-L.VH.H^.A^.AH)^ ^42) 

where 

F^ = y d^x [^L^T^l-^M - i^Lt,)'^L + ^Rii\d^ - iAr^)iPr - mitPLWipR + h.c.)]. (43) 

m can be complex in general. We have taken m as real for simplicity. W is the Wilson line 
in (25). Notice that a non-local term tpL^ipR is included in the Lagrangian. Under gauge 
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transformation given in (11), (12), (26) and (39) is gauge invariant but the functional 
measure is not as shown in (40). For an infinitesimal transformation (31) and (32) we get 

^-jd'x [elGl{AL) + e^nG^iAn)] 

^ ~ 24^ / "^'"^ + 2^^ / "^'"^ ^^^^ 

Putting this into (41) and using (38) one sees that 

r(^M,^L^ij) = r(AM,^L,^i?)- 

The anomalous variations cancel in the action under consideration and the theory is gauge 
invariant. 

Now we try to show that Fg// contains the WZW action as a part and the WZW action 
given in the last subsection appears in the effective theory when decoupling the heavy fermions 
localized on the boundary branes as m — oo. We change the variables V'l.r to Xl,r and 
diagonalize the fermion mass matrix using finite transformation g^^^ 

Xl,r = gL,R'il^L,R, = QhWg^^ = 1, 

(^x = XLil^{d^ - ^Al^^)xL - mxLXR + {L ^ R). (45) 
Computing the Jacobian when changing ip to x with ip = g~^x obtains 

Fe//(Ai, An, E) = F^(Af , Ag*) + F^Af , ^i) + F«(Aff , gn), (46) 
where F^ is the effective action computed in the base of x, and 

TL{Al\gL{s)) = VA{Ai\gL{s)), F«(ylff , ^^(s)) = -F^(^ff , ^«(s)), (47) 

where 

VA{A^,g{s)) =^J^Jsd'x u;l{A<'^^\g{s)dsg-\s)), (48) 

= g{x)A,g-\x) + ig{x)d,g~\x). (49) 

-D5 = A^4 X [0, 1] is an auxiliary extention of M.4,. (47) is the opposite of the Jacobian chang- 
ing variable x to ^ using x = 9"^- 9l,r{s){s G [0,1]) interpolates gL,R{s = 0) = 1 and 
9l,r{s = 1) = 9l,r- a computation of (48) is done in Appendix A and an explicit formula of 
F^ is given. 

We can check the transformation properties of the effective action as follows. There is a 
transformation leaving invariant, i.e. 

X^Vx. Al- ^ {AfY = Al^\ Al-^{A^^Y = Al^\ (50) 
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This is a vector-hke transformation. The left-right transformation W — UlWR ^ is manifested 
on ql and qr as 

9'l-9lUE' g'R^gRU^', (51) 

which leaves g'iW'g'£^ = 1 invariant. We note that the left-right transformation has not effect 
on Aff and Aff . It can be checked that under the left-right transformation 

same for A^j^. That means JC^ is not affected by the left- right transformation. 
In total g^^R can be transformed by V and C/l,r, that is 

gL,R g'L,R = VgL,RUE^R. (52) 

Look at Fx, for example. What we need to compute for g'j^ and A'j^ is 

^L{{A^L'-r'^,g',) = ^ /^^d.d^a;a;l((A^-)^^(^),^i(.)a,^i-^(.)), 

where g'i{s) interpolates g'^{s = 0) = 1 and 5'^(s = 1) = g'^. The integration is over gauge 
configurations from A^^ to {A^^)^'l = A^j^^^ = A^^^ in which (52) is used. Compared to 
F(ylff , (7l), the difference is in the integration from gauge configurations to A^'^ and Aff to 
^4^^^. For infinitesimal transformation (31), (32) and V — e'^^ we have 

sfl -r4(^^-)^s^i)-r4^«-,^i) 

-^2jd'^ ^liAl^ey) -^Jd'x cul{AL,e,), (53) 

Similarly we can get transformation properties for Tr with a difTerence on the sign. We see 
that (53) produces exactly what we expect in (44) for the left-right transformation. The 
extra V transformation corresponds to the freedom to reparametrize g^ and gR, that is 1^ = 
{VgL)^^VgR. The total effective action must be the same for different parametrization, that is 
Fg// is invariant under V transformation. 

So has to give the right transformation under V, i. e. 

Sr^{Al\Af) = / d'x uliAi^ey) + ^Jd'x c^^f ,6^), 

and this cancels variation in F^ and F^^. A conterterm, F^, is known to give the correct 
transformation properties [9], that is 

rniBL, Br) = ^ / d'x e>^^^ Tr[^{F^J^ + F^J'){Br,Bl, - Br.,BR,) 

+'i{BRtJ,BRi,BRpBLcr — Bl^Bli^BlpBr^) — -BruBl^BrpBloI: (54) 
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where 



^(Mu — 9fj,BLu — d^BLn — i[BLij, Bli], F^^ — d^BR,, — d^Bu/^ — i[BRn, Br„]. (55) 
must be obtained as * 

r^(>lf , Af) = rB(Af , >lff ) + polynomials invariant under V , (56) 
Armed with this observation we can write the anomalous effective action T^zw as 

FwzwiAL, An, W) = ^^^(Ar', Ar) + FsiAL, A^) + T^^r', W'') + Tr^, W)].{57) 

This is obtained as the mean of the actions in two cases of ql = W~^,gR = 1 and gi = ^, Or = 
W. (57) reproduces (29) when changing the integration over s to integration over y and taking 
gL{s) = Wy^{s X irK), gR{s) = 1 and giis) = 1, gR{s) = Wy{s x ttR) in two cases. 

4 WZW action and anomalous chiral symmetry 

In this section we construct WZW action which is gauge invariant but gives anomalous chiral 
transformation. This happens in the case chiral symmetry is not gauged. Consider a toy model 
on M4 X / with coordinates = (x^.x*^ = y). The space-like extra dimension / is compact 
and fiat. It can be a cycle / = 5*^ or orbifold like / = S^/Z2, etc. Gauge fields BM{x^,y) of 
gauge group G propagate in the bulk. Depending on the boundary condition, the gauge group 
on the brane at y — 0, H which is G restricted at y = 0, can be smaller or equal to the gauge 
group in the bulk: H C G. We explain in detail the toy model as follows. 

We define the periodicity of the compact space / using the equivalence class 

y + 2nR ~ y. (58) 

Gauge fields are equivalent up to gauge transformation: 

BMix", y + 2t:R) = ^Buix^, y)^~^ + iVLdM^'^ ■ (59) 

Up to a global phase VL = fl{x^,y) is an element of G. Under a local gauge transformation 
U{x^,y), Bm and Q are transformed according to 

s;^(x^y) = [/(x^y)5M(x^z/)t/-^(x^y) +^[/(x^y)aMt/-'(x^^/); (eo) 

Q'(x^ y) = U{x^, y + 27ri?)Q(x^ y)U\x^, y). (61) 
We define a Wilson loop W{x^) as 

M/(x") = Ve'C'^y ^'^^'^"^ X Q(x^, 0), (62) 

*To author's knowledge Tb known as the Bardeen's conterterm is not yet obtained in computation of the 
eflective action when decoupling heavy chiral fermions in 4D chiral gauge theories. The detailed computation 
is out of the scope of this paper and a computation will be presented in a further publication. 



12 



where V is the path-ordering operator. Using (60) and (61), W{x'^) can be shown to be gauge 
CO variant: 

W' = Pe'C'^y ^4 X Q,'(x^, 0) 

^U{x^,Q)W U^x^',^). (63) 
We introduce the gauge fields and A^^ on the brane at y = as 

y^(x'^) = S^(x^y = 0), A^ = 0. (64) 
For convenience of later discussion we introduce and Ar 

Ar^V^ + A^, Al^V^-A^, (65) 
so that V^v and A^^, defined in (6) and (7) are 



V,.^\{F^. + F;:,), A,,^^{F^^-F^^). (66) 



7:L,R 

/if 



f^/t^L,i?i. - dt^AL^R^ - i[AL,R^, Al^r^] are the field strengths for A^r. On the brane at 
y = the gauge transformation U{x'^,y) is reduced to be U{x^), i.e. 

Uixi") = Uix", y = 0), W = C/(x'^)iyC/-i(x'^), (67) 

A'L,Rf. = U{x'^)Al^r^U-\x^^) + ^t/(a;^)a^t/-i(a;'^). (68) 

We introduce W{s) for s E [0, 1] with condition 

iy(s = 0) = 1, W(s = 1) = W (69) 
VF(s) interpolates unit matrix and W. We can construct the WZW action as 

rwzw -^J'dsj d'x ul{V^^^\A'^^^\ W{s)), (70) 

57r"^ Jo J Ma 

where 

ul{v^^^A^i^\w{.s)) = £M^^<^rrr-i(.)^(li;'r^^^C^^^ + 

, ^/taM/(5) .H^W , /lV¥(,s)yH/(60/l 14^(5) , aW{s) A.W{s)yW{s)^ 

' Hv p a ' jj, up a ' p. V 'pa I 

_8^H'(s)^VV(.)^H'(.)^H/(s)]^ (71) 

3 
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and 

C^^^ = + W-\s)f;:^W{s)1 Al^^) = \[F^^ - W-\s)F;^^W{s)i (72) 

K^'^ = \[AR,-W-\s)AL,W{s)-iW-\s)d,W{s)\. (73) 

It's easy to check the transformation property of (70). Under the gauge transformation 
given in (67) and (68) we have 

W'{s)^U{xi')W{s)U-\xi'), A'^'^'^ ^U{xi')A^^'^U-\xi'), (74) 

yrw'is) ^ ^w'(s) ^ [/(a;M)^w^(^)f/-i(a;/^). (75) 

W'{s) satisfies the condition (69) as can be easily seen. So it's clear that (70) and (71) are 
invariant under the vector-like gauge transformation. 
Consider next the chiral transformation 

W' = Ul^WU2\ (76) 

A'^^^Ua^Al^Ua + iU^^B^Ua, A'^^^UaAr^UX'+iUaO^UX'. (77) 

W'{s), which interpolates the unit matrix and W = UX^WUX'^ , is then introduced into (70). 
If we write 

W'{s) = Ux\x>')W{s)Ux\x''), (78) 
we then have W{s) which interpolates W{s = 0) = Uj^{x'^) and W{s — 0) — W. One can check 

j^fW'is) ^ UAix'')Af^'^U^\x'') 

V;^'^'^ = Ua{x^)V^^^^)Ui\x^I AJT'^^) = Ua{x>^)A%^^^Ui\x'^1 
and the chirally transformed a;| can be rewritten as 

ujI{V"^'^'\A"^'^'\W'{s)) = ujI{V^^'\A^^'\W{s)). (79) 

Plugging it into (70) and comparing it with the un-transformed case the difference is the 
integration from W{s) — 1 to W{s) — U\{x'^). For an infinitesimal transformation Ua — e'*^-* 
we have 

Srwzw^-e'XG'X{V,A), (80) 
where €a — J2a T"'^a- This is exactly the anomaly in VA form. 

The action (70) can also be obtained as arising from a decoupling fermion. We introduce 
fermions = {'iPli'4^r) which are localized on the brane at y = 0. They are transformed under 
the gauge transformation (68) as 

i^LA^n = u{x^)^LA^n- (81) 
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Consider the effective action Tf,ff 

e^^eff{AL,AR,w) ^ J D%l^LDi)LDi^RDi)R e^^*. (82) 
Al^r and W as introduced in (62) and (65) are considered as external fields and 

= j d^x [ipLil'^id^, - iAL^,)ipL + ^Ril'^id^ - iAR^,)^PR - m{iPLWiPR + h.c.)]. (83) 

In general m is complex. We have chosen m to be real for convenience. Action (83) is gauge 
invariant under the gauge transformation give in (67), (68) and (81) 

Gauge couplings in (83) with gauge fields introduced in (64) and (65) take the form in 
which only the vector part is gauged. As discussed before, the anomaly takes the VA form for 
which the anomaly is completely shifted to the axial-vector current and the vector current is 
covariantly conserved. Anomaly of VA form can also be obtained in the functional level. It 
is achieved by carefully treating the Dirac operator in the evaluation of the Jacobian [14, 16]. 
Consequently, under a chiral transformation (76) and (77) supplemented by 

i^'R^UAi^R, V'L^t^iVL, (84) 

Fe// changes by an anomalous term due to changing the measure of ^0' to that of ^0. For an 
infinitesimal transformation Ua = e^'^^ it gives 

5Fe// = Fe//(A^, A'^, W) - T^ffiA^, Ar, W) = -e\G\{V, A), (85) 

where G^(V, A) is given in (4) and and A^ shown in (65). 

Similar to the case in the last section we can obtain the anomalous action by doing a finite 
chiral transformation 

i'R = r\R, i'L = iXL. withPr = e'. (86) 

We introduce ^(s) and W{s) — ^^(s)with condition 

e(s = o) = i, e(« = i) = e, 

W{s = 0) = 1, W{s = \) = W. 
WZW action is obtained as a continuous integration of chiral transformation 

Vwzw ^iC dsl d'x TT{Ui{s)dsi-\s) - i-\s)d,i{s)\G\{y^^^\ AfW)}, (87) 
JO 2 

It is the opposite of the phase integration of changing xr = O^R to iI)r. A^^^"* in (87) is the 
axial- vector part of A\^ and A^^^^ computed using (49), that is 

= \i{s)[AR, - W-\s)Al^W{s) - iW-\s)d^W{s)]C\s) 
-i{s)A';^^\-\s). (88) 
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Similarly we have 



(89) 



Noticing further that 



iis)w~\s)[d,w{s)]r\s), 



it is then easy to rewrite Twzw in (87) to be the form in (70). 

5 Summary 

Using examples in 3D and 5D we have shown that Wilson line or Wilson loop along the compact 
space-hke dimension can be used to construct the WZW action. If 14^ is a Wilson hne which 
links the two boundary branes, W transforms as bifundamental under the gauge groups of the 
two boundaries. Gauge symmetries at two branes can be considered in 4D point of view as 
two independent symmetries though they are parts of the 5D gauge symmetry. Anomalous 
action constructed using W gives anomalous gauge variations (of LR form) on two boundary 
branes. On the other hand, the Wilson loop transforms under a single gauge symmetry of 
one brane. The anomalous action constructed using Wilson loop will then be invariant under 
vector-like gauge transformation. The WZW action gives the anomalous variations under the 
chiral transformation. 

The WZW action constructed using Wilson line gives non-local interactions for gauge fields 
on separated boundary branes via the link field, i.e. the Wilson line. It should be understood 
in odd dimensional bulk, rather than in the even-dimcnsional boundary branes. We have used 
this action to generalize the gauge theory in 3D and 5D space-times with boundaries. The 
generalized gauge theory includes actions of pure Yang-Mills, Chern-Simons and WZW in the 
bulk. The gauge invariance of the theory is achieved by requiring the that the anomalous 
gauge variations of Chern-Simons and WZW actions cancel on the boundary space-times. We 
expect that this procedure can be generalized to odd dimensions larger than five. The action 
constructed is expected to be of the form of WZW action in even dimensions higher than 
four [18]. We have constructed action in flat spce-time background. We expect procedure 
descriped in this paper can be generalized to curved space-time background. The generalization 
to include gravity is a problem and is worth further study. 

We tried to show that WZW constructed using Wilson line or Wilson loop can be understood 
as arising from integrating out heavy fermion. In 5D examples, these fermions are localized on 
4D boundaries. They can not couple to extra dimensional gauge field A^^ using ip'j^ipA^ip since 
there is no corresponding kinetic term ipj^d^ip on the boundary brane. The coupling using 
Wilson hne or Wilson loop, such as 



is perfectly allowed. This is a natural way for A4 degrees of freedom to couple to locahzed 
fermion. Integrating out localized fermion as sending m — 00 results in the WZW actions 
which manifest the gauge or global anomalies of fermions in the effective theory. Ref. [11] 



m{ipLWipR + h.c), 
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approached the point in the case of using Wilson hne. The approach taken in this paper is 
easier to see how it happens. We note that the procedure shown in this paper is not a proof. 
To have a proof one needs to work in the quantized theory in odd dimensional space-times with 
boundaries. This is out of the scope of this paper. 

The WZW action constructed using Wilson line or Wilson loop has interesting applications 
and phenomelogical implications. One application of the action is to use it to implement the 
anomaly inflow mechanism [17] with chiral fermions localized on the boundary space-times. It 
is similar to the setup of the quantum Hall effect, although we have two boundaries rather 
than the single boundary in quantum Hall effect. Similar in the sigma model, one can write 
the Wilson line or the Wilson loop as = e^'^l^ where F = 1/{2tiR) or F = 1/{t:R). The 
gauge field is then like meson fields. Wc note that KK modes that are not periodic around 
the extra dimension can contribute to the Wilson loop, e.g. the anti-periodic modes in some 
models. Then the meson fields tt as defined \nW — e^'"^/^ can contain massive KK modes. 
In this case processes like tt — > 27 is allowed if the gauge symmetry on the boundary brane 
includes that of electromagnetism. To understand the phenomenology of the WZW action in 
5D, its KK mode expansion needs to be studied. 

Appendix A. Evaluation of phase integration 

The phase integration can be conveniently computed using differential forms. Consider the 
integration on = AI4 x [0, 1] 

Tj,{A^, g{s)) -^1^^ dsd'x TT[g{s)^^^e^^'^^ d,{Al^^^d,Af^ - ^A^,^^)^^ ^Af ))](90) 
Using 

^(,) = Af^dx^, = ^F^)da;^d'^ = dA.^s) - d^" = 0, (91) 

one can write (90) as 

TA{A<^,g{s)) = ^ j^^ds Tr[g{s)^^^d{Ag^s)dAg^s) - -A,(,)A,(,)A,(,))] 

+|(^«(.)-F»W + >1»<.)-F»(.)^»(.) + - (92) 

We extend the gauge fields ^4 to ^ with a fictitious dimension and fictitious gauge field As 

•A^ A^^ J~ ^iwi As — 0, (93) 

^f(^) = g{s)Asg{s)-^ + ig{s)dsg{s)-^ = ig{s)dsg{s)-^ , (94) 

*^ lis — ^pb-^S ^s-^pb ^[-^/i? -^s] — (^^) 

= g{s)T,sg{s)-^ = 0. (96) 
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We can extend the 4-forms in (92) to 5-forms with £^0123 _ ^0123 _ (£50123 = —£0123 = — 1) 
and get 

r^{A^,g{s)) = ^^ a;5(Aw,^,(s)), (97) 
where uj^lAg^s), ^^gis)) is the Chern-Simons 5-forms: 

Compared to the last term in (92), a factor 1/5 arises in ^^(5) term due to the cychc symmetry. 
uj^ is not a gauge invariant. One can write [15] 

^oj^{A,T) + doL^{A,P)+oj^{P,^), (99) 
where P = i{dg{s)~^)g{s) is a 1-form and 

a^(A, P) = -Tr[\p{AdA + dAA) - ^PA^ + ]-P^A + -PAPA] . (100) 

In this case ujr^{A,J^) = because of As = 0. One can check (99) exphcitly using dP — —iP^. 
Putting (99) into (97) and integrate da^ term over interval [0, 1] one obtain 



Since P{s = 0) = if reduced to M.4 we can get the action 



s=0 



:ioi) 



dxi" ^ dx"" ^ dxP^ 2 dx^"^ dxP ^ ^' ^ ' 

where P, Q, i?, ,5, T run over s, 0, 1, 2, 3 and e'l'^'P'' = has been used. 
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